Exercise 1: Perceptron Learning with Multiple Updates

You have & perceptron with initial weights w = [0, 0] and bias b = (. The dataset is:

Iy Ig Y
2 3 1
-1 -2 -1
1 -1 -1
-2 2 1

Use the perceptron update rule with learning rate 5 = 1 for two epochs. Update w and b accordingly.

Solution
The perceptron update rule is:
w=w+nyer, b==b+ny

Epoch 1
1. Qlassifying (2.3} ¥ = 1

Ypoed = sign(0-2 +0-3+0) =0 (Misclassified)
Update:
w=[0,0] + (1)(1)[2,3) = 2,3, b=0+1=1
2. Classifying [-1-2), y = -1
tpred = sign(2(-1) + 3(-2) + 1) = sign(-2 — 6 + 1) = sign(-T) =
Correct classification [no updsts).
3. Classifying (1.-1), y = -1
Upeed = Sign(2(1) + 3(—1) + 1) = sign(2 — 3 + 1) = sign(0) =0
Misclassified, update:
w=[2,3+(-1)1,-1 =[1,4, b=1-1=0
4. Classifying (-2.2), y = 1
Ypeea = sign(1{~2) + 4(2) + 0) = sign(—2 + B) = sign(6) = 1
Correct classification [no updsts).

Epoch 2

Repeat the process, but in this case, all points are correctly clazsified, so no further updates.

Final weights w = [1, 4], b =10



Exercise 2: Perceptron Learning Rule

Consider & perceptron with the weight vector w = [1, —1] and bias b = (). Given a dataset with the

following points:
(2,3) »y=1, (L,-1)—»y=-1

Update the weights using the perceptron learning rule for each misclassified point with a learning rate

n =1
Solution

1. Checking classification of (2,3)
Ypred = sign{un - o1 + wa - T2 + b) = sign(1(2) + (-1)(3) + 0) = sign({-1) = -1
SiNCe Ypreq 7 Yirye, Update weights:

w=w+nyr = [1,-1] + (1)[2,3] = [3,2]

2. Checking classification of (1,-1)
Ypred = sign(3(1) + 2(~1) + 0) = sign(3 — 2) =sign(1) =1
SiNCe Ypreq 7 Yirye, Update weights:

w=w+nye=[32+(-1)1,-1]=[3-1,2+1] =[2,3]

Final updated weights: w = [2, 3].



Exercise 2: Logistic Regression - One Step of Gradient Descent

Given a logistic regression model with:

1

h(.’l‘.} - 1+ g—lwizi—wyma+h)

For a single data point (1, z32) = (2, 3), with label y = 1, initial weights w = [0.5, —0.5], bias b =

0, and learning rate 7 = (.1, compute one update step using gradient descent.

Solution

Step 1: Compute the Linear Combination (Logits)

The linear combination before applying the sigmoid function is:
z = wixy + waxs + b
Substituting the given values:
z=1(05-2)+(-05-3)4+0

=1—-15=-0.5

Step 2: Compute the Sigmoid Function

The logistic (sigmoid) function is:

1
h(z) =
( } 14+e™=
Substituting z = —0.5:
1
h(z) = 1 1+ el
Approximating e’® = 1.6487:
1 1

h(xz) = ~ 0.3775

1+ 1.6487  2.6487

This is the predicted probability fory = 1.



The cost function J(w, b) for logistic regression is the log loss (cross-entropy loss|

m

1 1 H 1 i
T(w,b) = ~—" |59 10g h() + (1 — y) log(1 — h(z1))
i=1

For a single training example (as in our exercise), the cost function simplifies to:
J(w,b) = — [ylog h(z) + (1 — y) log(1l — h(zx))]

where:
* 9 is the true label (0 or 1),

e h(x) is the predicted probability from the sigmoid function.

Gradient of J(w, b)

To minimize J(w, b), we compute its gradient with respect to the parameters:

Gradient w.r.t. w; (weights):

a.J
w, (h(z) — y)z;
Gradient w.r.t. b (bias):
aJ
2~ (h(e) )

These gradients are used in gradient descent updates:

aJ
’!.Uj = wj — 'Tja—iuj
aJ
b—==5—

"o



Step 3: Compute the Gradient

The gradient of the loss function with respect to the weights is:

a7

5~ (@) ~v)e;

Similarly, the gradient with respect to bias b is:

oJ
5 = (h(@) —y)

Substituting A(z) = 0.3775 and y = 1:
h(z) —y = 03775 — 1 = —0.6225
Compute gradients for w1, ws, and b:

Vw; = —0.6225 x 2 = —1.245

Vuws = —0.6225 x 3 = —1.8675

Vb = —0.6225
Step 4: Update the Weights
Using the gradient descent update rule:
aJ
w w; — N
J J 51&3
aJ
b=b—n—
"0

Updating each parameter:
wy = 0.5 — 0.1(—1.245) = 0.5 4+ 0.1245 = 0.6245
wy = —0.5 — 0.1(—1.8675) = —0.5 + 0.18675 = —0.3133

b=0-0.1(—0.6225) = 0.06225



Exercise 1: Implement the Perceptron Algorithm
Implement the Perceptron Learning Algorithm for a binary classification problem.
Steps:

1. Initialize weights and bias to zero.

2. Use the following dataset:

T To Label y
1 1 1
-1 -1 -1
2 -2 -1
-2 2 1

3. Apply the Perceptron update rule with a learning rate p = 1.
4. Run for 5 iterations and print the updated weights after each iteration.

5. Plot the decision boundary after training.



Exercise 3: Implementing Gradient Descent for Linear Regression

Given the loss function for linear regression:
1 m
J(w) = E Zl(yt 'HL‘:I‘:;')_J
i=

Derive the update rule for w using gradient descent and perform one iteration with:
o =127

« y=][225,35]

+ Initial weight w = 0

¢ Learning rate p = .1

Solution

1. Compute the gradient:
VJ(w) = —_ E il i wr;
{ ) ? 2 ‘t(. 1 !)

With m = 3

VI(0) = —Z[(1)(2 - 0) + (2)(2.5 — 0) + (3)(3.5 — 0))]

o b

2454 10.5] = —= x 17.5 = —11.67

Lo ba

2. Update the weight:

Final updated weight w = 1.167.



Exercise 3: Multi-Class Classification Using Softmax
Consider a dataset with three classes y € {0, 1,2} and a softmax classifier with weight matrix:

0.5 —-0.2 0.3

W=101 07 —05

Forinput & = [1, 2], compute the softmax probabilities and update the weights using gradient descent

fory = 1 with learning rate 7 = 0.1.

Step 1: Compute Logits =

The logits are computed as:
z=Wlg
z= {wll w2 'wl:!.] |i-fl}
Way Wiy Way €2
0.5(1) + 0.1(2)

— | —0.2(1) +0.7(2)
0.3(1) + (—0.5)(2)

0.5+0.2 0.7
= |-02+14| =] 12
0.3-1.0 —0.7

So the logits (pre-softmax scores) are:

z=1[0.7,1.2,—0.7]

Step 2: Compute Softmax Probabilities

The softmax function converts logits into class probabilities:

'Zr

€
Ply=1) =
ZJ- el
Compute exponentials
"7 = 2.014

e'? ~ 3.320
e 07 % 0.497
Compute denominator

Z e’ — 2.014 + 3.320 + 0.497 — 5.831



Compute softmax probabilities

2.014

P0) = = 0.345
(0) 5.831
3.320

P(1) = Taal 0.570
0.497

P(2)= == (.085
(2) 5.831

So, our predicted probabilities are:

[0.345,0.570, 0.085]

Step 3: Compute Gradient of Loss

The cross-entropy loss for softmax is:
J(W) == yilog P(y)
i

Since the true class is y = 1, the loss simplifies to:

J(W) = —log P(1) = —log(0.570) =~ 0.561

Compute Gradients
The gradient of the softmax loss w.r.t. each weight w;; is:

0.7 ,
5o — (Ply=1) —yj)e

Ly

Since y = 1, the one-hot encoding is:
y = [0,1,0]

For each class:

ai;;[} = (0.345 — 0)[1,2] = [0.345,0.69]
- (0.570 — 1)[1,2] = [—0.43, —0.86]
oW, .

a.J

—— — (0.085 — 0)[1, 2] = [0.085,0.17
3“@ l: }[ H J [ ? ]



Step 4: Update Weights
Using the gradient descent update rule:
W=W —nVW
Updating each row:
Wy = [0.5,0.1] — 0.1[0.345,0.69] = [0.5 — 0.0345,0.1 — 0.069] = [0.4655,0.031]
Wy = [-0.2,0.7] — 0.1[—0.43, —0.86] = [~0.2 + 0.043,0.7 + 0.086] = [—0.157, 0.786]

W = [0.3,—0.5] — 0.1[0.085,0.17) = [0.3 — 0.0085, —0.5 — 0.017] = [0.2915, —0.517]

Final Updated Weight Matrix

W — 0.4655 —0.157 0.2915
0.031 0.786 —0.517



Exercise 1: Implementing Perceptron Learning with Gradient Descent

Implement a single-layer perceptron using gradient descent to update the weights. Use the following

dataset:
x1 x2 y
0 0 0
0 1 0
1 0 0
1 1 1
Tasks

1. Initialize weights and bias randomly.

2. Use the sigmoid activation function:

3. Compute the loss using binary cross-entropy:
1 . e
L=-% > [ylog() + (1 — y)log(1 — §)]

4. Perform weight updates using gradient descent:
aL
e

5. Train the perceptron and evaluate accuracy on the dataset.

w = w



